This study focuses on the theoretical aspect of topographic scattering induced by a shallow asymmetric V-shaped canyon under plane shear horizontal-wave incidence. An analytical approach, based on the region-matching technique, is applied to derive a rigorous series solution, which is more general than that in a previous study. For the wave functions constrained in two angular directions, a novel form of Graf's addition formula is derived to arbitrarily shift the local coordinate system. Barrier geometry, angle of incidence and wave frequency are taken as the most significant parameters in exploring the topographic effects of localized concave free surfaces on ground motions. Both surface and subsurface motions are presented. Comparisons with previously published results and boundary-element solutions show good agreement. Frequency-domain results indicate that, for the high-frequency case at a low grazing angle (corresponding to the potential case in teleseismic propagation), the high levels of amplified motions occur mostly on the illuminated side of the canyon. When the windward slope is steeper, the peak amplitude values, at least 2.4 times larger than those of free-field responses, tend to increase. Time-domain simulations display how a sequence of scattered waves travel and attenuate at regional distances.
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Taking into account the terms shallow and deep canyons for the asymmetric V-shaped case, the classification criterion is based on the dimensionless ratio of the distance (i.e. r e tagged in figure 1 ) between the canyon bottom and the centre of the canyon top to the half-width of the canyon top (i.e. a shown in figure 1 ). When the ratio is smaller than unity (i.e. r e /a < 1), the canyon is classified as a shallow one; otherwise, it is classified as a deep one (i.e. r e /a ≥ 1). Complying with such a classification criterion, the canyon bottom does not penetrate the auxiliary boundary when applying the RMT to the shallow asymmetric case. This feature leads to welldefined expressions of the wavefields in individual subregions. All the field solutions satisfy the governing equations and all the boundary conditions except for those at the artificial interface. Especially for the interior subregion enclosing the main part of the canyon, the field solution contains a singularity in the stress fields near the canyon bottom. Thus, at high frequencies the computed results obtained from the derived series solution remain desirably stable. This outcome echoes the fact that selecting the appropriate auxiliary boundary is of vital importance.
The main contributions of this work can be summarized as follows. First, the proposed series solution is novel per se because it is likely to be absent in the literature, and it enriches the catalogue of series solutions for canyon problems related to SH wave scattering. Second, the derived series solution fills the gap in previous studies, that is, those for the symmetric V-shaped case [32, 35, 38, 41] and those for the deep asymmetric V-shaped case [40, 44] . Third, the analytical nature of the derived series solution makes the high-frequency computation delightfully easy and efficient. Fourth, the computed results obtained herein are helpful to advance knowledge of the topographic effect pertaining to shallow asymmetric V-shaped canyons.
Theoretical formulations
Consider a homogeneous, isotropic, linearly elastic, semi-infinite medium (with shear modulus μ and shear-wave velocity c s ) bounded by the horizontal ground surface, inlaid with an infinitely long, shallow, asymmetric, V-shaped canyon ( figure 1 ). An infinite train of plane SH waves (with an angular frequency ω) is incident upon this canyon at an angle α to the y-axis. The origin of global coordinate systems (x, y) and (r, θ ) is set at the centre of the canyon top, while that of local coordinate systems (x 1 , y 1 ) and (r 1 , θ 1 ) is at the canyon bottom. Relative positions between the global and local coordinate systems are associated with (r e , θ e ). The half-width and depth of the canyon are a and d, respectively. The central angle of the canyon bottom is β 1 + β 2 , ranging from π to 3π/2. For the present shallow case, the constraint r e /a < 1 has to be met, and, therefore, the interior angle between two adjacent slopes is an obtuse angle.
As seen in figure 1, through introducing a semicircular auxiliary boundary S a , the half plane is divided into two regions, an open region 1 and an enclosed region 2. In these two regions, the steady-state out-of-plane motions are required to satisfy the governing Helmholtz equations, namely,
where ∇ 2 is the two-dimensional Laplacian and k = ω/c s is the shear wavenumber. The subscripts j, where j = 1 and 2, stand for the total displacement fields in regions 1 and 2, respectively. Throughout this work, the time-harmonic factor exp(iωt) is understood. The zero-stress boundary conditions on the horizontal ground surface and the canyon surface are
For the half-plane medium without any surface/subsurface irregularities, the free-field displacement u F can be expressed as a sum of the incident waves and their reflected waves from the horizontal ground surface, that is,
Employing the Jacobi-Anger expansion [52] , (2.4) can be re-written as 5) where ε n is the Neumann factor (equal to 1 if n = 0 and to 2 if n ≥ 1) and J n (·) denotes the nth-order Bessel function of the first kind. Note that this expression intrinsically satisfies the traction-free condition on the horizontal ground surface (2.2). The 'total' scattered field u S in open region 1 may be separated into two parts, u S0 and u S2 , that is, u S = u S0 + u S2 . The first part u S0 represents the scattered field that excludes the effect of region 2, and it corresponds to the scattered field derived by Trifunac [23] for the case of semicircular canyons, that is,
2n (kr) cos(2nα) cos(2nθ) 6) where H (2) n (·) is the nth-order Hankel function of the second kind and the primes stand for differentiation with respect to the arguments of corresponding functions.
The second part u S2 is the contribution due to the presence of region 2, and its proper wave function is as follows:
2n (kr) H (2) 2n (ka)
in which the complex expansion coefficients A n and B n are unknown. The displacement of the resultant wavefield u 1 in the open region 1, which is the combination of free and scattered wavefields, can be expressed as
In the enclosed region 2, the displacement of wavefield u 2 , satisfying the Helmholtz equation (2.1) and the stress-free boundary conditions (2.3), is given by 9) where ν = π/(β 1 + β 2 ),ã = a − r s , and the complex expansion coefficients C n will be determined. Note that (2.9) inherently satisfies the requirement for the stress singularity existing in the vicinity of the canyon bottom (which is a salient corner). In order to rewrite (2.9) in terms of (r, θ ), the necessary coordinate transformation from (r 1 , θ 1 ) to (r, θ ) is accomplished via Graf's addition formula for Bessel functions [31] , which is recast in an appropriate form as follows: 10) where m and n are integers. Substituting (2.10) into (2.9) results in Next, applying the orthogonal properties of sine/cosine functions to the stress continuity condition on the auxiliary boundary S a , that is, 14) and integrating over the range [−π/2, π/2] leads to the following relations for unknown expansion coefficients A n , B n and C n : (2.15) and
where Table 1 . Values of related parameters versus outer truncation indices. N, outer truncation index; P 1 -P 5 , displacement amplitudes at five specific positions; error, maximum relative error (in per cent) for 800 equally spaced locations. 
Similarly, the enforcement of the displacement continuity condition across the auxiliary boundary S a is essential, that is,
In the light of this, multiplying a sequence of sine/cosine functions and integrating over the range .20) and
Subsequently, employing (2.15) and (2.16) to eliminate the coefficients A n and B n , using the Wronskian relation that involves both the Bessel and Hankel functions [53] , and rearranging yields the following coupled systems of linear algebraic equations for unknown coefficients C n : Once the coefficients C n are found, the expansion coefficients A n and B n can be evaluated straightforwardly via (2.15) and (2.16).
For the specific location, the displacement amplitude |u| is evaluated from the expressions of corresponding wavefields (2.8) and (2.9) , that is,
where Re(·) and Im(·) denote, respectively, the real and imaginary parts of complex expressions. Note that, in §3, the free wavefield u F is evaluated directly from (2.4) to obtain the total displacement amplitude of region 1. [44] for the asymmetric models (θ e = 0
• ).
For convenience, in the following analysis the dimensionless frequency η is defined as:
Also, the displacement amplitude of the incident waves is taken to be one unit. The canyon model considered herein can be extended to the basin model with alluvium. When the semicircular auxiliary boundary S a is the interface between two distinct materials, only slight modifications to some parameters involving material properties (e.g. shear modulus, mass density and shear-wave velocity) are needed in the above equations. In addition, the proposed model is applicable to the linearly viscoelastic model. For time-harmonic problems, the aforementioned formulism can be straightforwardly applied to consider the effect of damping and attenuation of filling materials. However, a few real-valued parameters (e.g. wavenumbers) have to be changed into the complex-valued ones, implying that the evaluation of Bessel functions with complex arguments is indispensable. Some simple spring-dashpot models may be used to simulate the dynamic behaviour of viscoelastic media [54] . These internal sums should be calculated accurately via numerical testing for their convergence, thereby leaving only one parameter (i.e. summation indices n) to remove the problem of relative convergence. Following extensive numerical experiments, the value of M = 200 is adequate to produce all the graphs hereafter. Table 1 shows the variations in displacement amplitudes and maximum relative errors when the outer truncation index N increases. The selected case is of r e /a = 0.75 and θ e = −30 • . Only the horizontally incident cases (α = 90 • ) are checked because they take more truncation terms than others to reach convergence. The relative error is defined to be r e /a = 0.8 Figure 6 . The canyon geometries are displayed in (a). Surface displacement amplitude versus x/a for different r e /a with θ e = −45
Numerical results and discussions (a) Convergence test
To reveal the sensitivity of verification checks with respect to frequency, figure 4a-d displays the computed results for η = 6, 8, 10 and 12, respectively, when r e /a = 0.75, θ e = −30 • and α = 30 • . Included also are the computed results obtained from the classical BEM because only the lowfrequency (η ≤ 4) results are presented by Liu [44] . The adopted BEM is based on the direct formulation (e.g. Dominguez [55] ) and the so-called 'constant' element is used. This means that unknown quantities are the nodal values of the field variables and their normal derivatives that have clear physical meanings (i.e. displacements and tractions, respectively). Employing the collocation method and enforcing the corresponding boundary conditions, a global square system of equations can be constructed. In figure 4 , an overall good agreement can be found between the series solution and the boundary-element solution.
As expected, owing to the analytical nature of the adopted wave functions, the computational storage of the derived series solution is smaller than that of the classical BEM, especially for the high-frequency band. Following a general discretization criterion (i.e. around 10-20 nodal points per wavelength), a large number of elements are required in the BEM analysis to get reasonable results; for example, when η = 12 (figure 4d), 1516 piecewise-constant elements are used in the BEM and N = 54 in the derived series solution. windward slope is steeper, the local maximum amplitude on the canyon surface tends to increase ( figure 5c,d) ; on the contrary, it is inclined to decrease when the windward slope becomes gentler (figure 5e,f ). Comparing figure 5c,e with figure 5d,f , one can see that the peak amplitudes for oblique incidence are smaller than those for grazing incidence. In order to reveal how the surface displacement amplitude changes with r e /a when θ e = −45 • , figure 6a displays the three canyon cross sections (r e /a = 0.4, 0.6 and 0.8), whereas figure 6b-f gives the results for η = 2 at α = 0 • , 45 • , 90 • , −60 • and −90 • , respectively. In figure 6b ,c, the local maximums of displacement amplitudes on the horizontal ground surface close to the steep slope of the canyon (see those within the range from x/a = −4 to −1) decrease with decreasing r e /a. These local maximums tend to shift to the left when r e /a becomes larger. If the wave propagation direction is parallel (or nearly parallel) to the horizontal ground surface (figure 6d-f ), then the peak amplitudes of motions within the canyon increase with increasing r e /a. The location of peak amplitude shifts gradually towards the position of the canyon bottom. Figure 7 exhibits the variations in surface motions around the canyon for −90 • ≤ θ e ≤ 0 • at η = 6. Corresponding curves for the maximum values of displacement amplitudes (i.e. |u| max ) against θ e are also included in figure 7 . For the case of θ e = 90 • , the canyon topography disappears so that the displacement amplitudes are equal to 2. For vertical incidence (α = 0 • ) in figure 7a , the free-field response may be amplified 1.5-1.75 times at −68 • ≤ θ e ≤ −15 • . As seen in the horizontally incident cases ( figure 7d,f ) , the large-amplitude motions take place on the illuminated side of the canyon. In figure 7d , the peak values may reach 4.75 at least Figure 10b shows that the local maximum motions occur on the right-hand side of the horizontal ground surface (1.5 ≤ x/a ≤ 1.75). For grazing incidence ( figure 10c,d) , the subsurface motions in the illuminated region are at least two times higher than those in the nearby region. This might be attributed to the strongly constructive interference between the incident, reflected and scattered waves. The highly shadowed regions imply that the canyon is resistant enough to the wave propagation, and, therefore, it can act as an energy barrier.
Overall, the surface and subsurface motions in the vicinity of the canyon are dependent not only on the geometric shape of the canyon, but also on the frequency and incident angle of arriving waves. (e) Surface and subsurface motions in the time domain
Using the fast Fourier transform algorithm, one may pursue the time-domain responses in the frequency domain. The incident signal is a symmetric Ricker wavelet, which is defined to be
where f c is the characteristic frequency. 
the direct-wave signals are labelled in turn. The sources of these marked traces may be explicitly visualized in figure 12. In figure 11a , the direct waves impinge on the horizontal ground surface at t = 4 s, whereas in figure 11b they reach x = −4 km at t = 2 s and x = 6 km at t = 7 s. When the locations are far away enough from the canyon, the amplitudes of recorded waveforms become exactly two times higher than those of incident pulses. In figure 11a ,b, the amplifications of surface motions can be up to about 1.4 times higher than those of the free-field response. Figure 11b shows that the shielding effect of the canyon makes the displacement amplitudes on the right-hand slope of the canyon (0 km < x < 1 km) smaller than those of direct waves.
In order to show the discrimination between different signal sources, eight snapshots of transient subsurface motions at α = 0 • are given in figure 12 . Furthermore, the arrows marked in figure 11a are tagged appropriately in figure 12 . Figure 12a-d shows that, owing to the interaction of incoming pulses, a scattered wavetrain B spreads out from the canyon bottom. When two reflected waves from adjacent slopes of the canyon pass through, respectively, the upper left and right corners of the canyon, two scattered waves L1 and R1 arise and meet each other on the righthand slope of the canyon (figure 12d). The re-radiated waves L2 and R2 come from the scattered waves B. Figure 12e -h shows that a chain of scattered waves (see L3, L4 and R3) is generated from the bottom and two upper corners of the canyon because they behave as new wave sources. Also, it is obvious that the amplitudes of early-generated scattered waves (L1 and R1) are greater than those of late-generated scattered waves (L3, L4 and R3). Moreover, a key feature of the diffraction is that a part of the reflected wavefront from the horizontal ground surface is cut off by the canyon and then continuously regenerates.
Concluding remarks
The problem of SH wave scattering induced by a shallow asymmetric V-shaped canyon has been successfully addressed and solved. The derivation of a rigorous series solution has been achieved via an analytical approach centring on the use of the robust RMT. An appropriate selection of the auxiliary boundary has promoted the application of the MSV and has also made the derived wave functions inherently include the stress singularity near the canyon bottom. A new form of Graf's addition formula has been derived for the wave functions constrained in two angular directions, so that it is more general than those given in the literature. With the aid of such a recast version of Graf's addition formula, the coordinate transformation for Bessel functions between two polar coordinate systems arbitrarily located can be performed conveniently. Both the steady-state and transient alterations in the surface and subsurface motions have been evaluated and analysed. There is good consistency between the computed results obtained from the derived series solution and those from the BEM and existing literature. Spectral properties of ground-motion responses show that for grazing incidence the motions on the illuminated side of the canyon are amplified significantly when the dominant lengths of topographic features are about 1.5 times longer than the incident wavelengths. Topographic geometry strongly influences the surface and subsurface responses with dramatic changes at higher frequencies. .
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